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We study the low energy phase structure of SU(2) gauge theories in three-dimensional spacetime,
at finite baryon density. The pseudoreality of representations of SU(2) permits an analytic study
of a real baryon chemical potential, and the restriction to 3D results in a different global symmetry
breaking pattern from the corresponding 4D model studied previously by Kogut et al. We find a
second-order phase transition separating the normal phase and the baryon superconducting phase.
The chemical potential dependence of condensates and baryon density are computed. We find that
the phase structure and the excitation spectrum are essentially the same as in 4D, despite the
different symmetry groups, indicating a universality that is rooted in the properties of Riemannian
symmetric spaces.
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I. INTRODUCTION
The spontaneous breaking of global symmetries is an
essential feature of realistic gauge theories [1]. Much
has been learned about this phenomenon by studying
models in various dimensions. For example, the 2D
Schwinger model and 4D QCD exhibit the breakdown
of discrete or continuous chiral symmetry, respectively.
For even dimensional spacetime there is a comprehen-
sive theorem that predicts the surviving part of of the
flavor symmetry [2]. For theories in odd dimensional
spacetime the situation is rather different, primarily be-
cause there is no chirality and the parity transformation
acts differently [3]. In particular, models in 3D space-
time, while different from 4D theories, provide excellent
testing grounds for our understanding of dynamical sym-
metry breaking. Yet even here the picture is still not
completely clear. The generic symmetry breaking pat-
tern in 3D has been described for Abelian theories in [4].
In large NF QED3 there are indications of spontaneous
breaking of the global flavor symmetry [5, 6]. Studies of
the Schwinger-Dyson and gap equations for QED3 in the
largeNF limit predict that spontaneous symmetry break-
ing only occurs for NF below a critical number of flavors
N critF = 32/pi
2 ≈ 3 [7, 8]. These predictions have numeri-
cal support from lattice simulations of 3D QED [20]. On
the other hand, other 3D QED Schwinger-Dyson anal-
yses [10] predict symmetry breaking for all NF ≥ 2, a
result which is consistent with the renormalization group
arguments in [11].
Another approach to the symmetry breaking structure
of fermion-gauge theories is to use low-energy effective
Lagrangians [12, 13] to study the Goldstone modes cor-
responding to the spontaneously broken global symme-
tries. Recently, there has been a great deal of progress
(for a review see [14]) in using such low-energy effective
Lagrangians, together with random matrix models, to
study the phase structure of nontrivial QCD-like theo-
ries with spontaneous symmetry breaking. An impor-
tant obstacle, however, is that it is not known how to
study these systems at finite baryon density, since the
baryon number chemical potential makes the Euclidean
Dirac operator non-Hermitean and the Boltzmann weight
complex. This problem can be overcome, as advocated in
[15, 16, 17, 18, 19], by considering “two-color QCD”, for
which the fundamental representation of SU(2) is pseudo-
real. This has the consequence that in lattice simulations
the Boltzmann weight is real and positive definite, even
at finite (baryon number) chemical potential µ. Thus,
analytic predictions can be quantitatively compared with
Monte Carlo simulations in lattice gauge theory [20, 21],
provided the lattice regularization respects the relevant
flavor symmetry group. Such studies have recently been
carried out [22] in 4D QCD with quarks in pseudoreal
(and real) representations at finite µ.
In this paper we study the phase structure of such
SU(2) QCD-like theories in 3D, at finite baryon density.
The possibility of using a real chemical potential still ap-
plies in 3D. Our strategy is analogous to the 4D analysis
of Kogut, Stephanov, Toublan, Verbaarschot and Zhit-
nitsky [17] (denoted KSTVZ hereafter), but the details
of the symmetry breaking patterns are completely differ-
ent in 3D compared to 4D. However, we find that the
final answer is almost identical to the 4D case, indicat-
ing some degree of universality in the low energy vacuum
phase structure. This low energy effective Lagrangian ap-
proach assumes that the symmetry breaking occurs, so it
is not able to resolve a question such as the existence of
a critical number of flavors. Nevertheless, we hope that
our results may shed some light on the phase structure of
the 3D theories, for example in conjunction with lattice
analyses.
In 3D, with an even number NF of flavors of massless
complex fermions, denoted by the NF/2 pairs ψf , χf ,
one can predict spontaneous flavor symmetry breaking
patterns along similar lines to 4D QCD. In 3D one can
introduce of a fermion mass term
Lm =
NF /2∑
f=1
mf (ψ¯fψf − χ¯fχf ). (1)
2which preserves a discrete symmetry that is a combina-
tion of parity and flavor exchange. The fermion determi-
nant
∏NF /2
f=1 det(−D/
2 +m2f ) for Euclidean space (where
the Dirac operator D/ is anti-Hermitian) is positive defi-
nite in this case. Therefore one can appeal to the Vafa–
Witten theorem [2] and predict that if the flavor symme-
try is spontaneously broken in the limit mf ≡ m → 0,
the absolute values of the condensates 〈ψ¯fψf 〉 and 〈χ¯fχf 〉
are equal and their signs are the same as those of respec-
tive masses. That is, the generic situation is that the
continuous part of the global symmetry group is broken
according to [4, 5]
U(NF )→ U(NF /2)×U(NF /2) (2)
by the quark-antiquark condensate
NF /2∑
f=1
(
〈ψ¯fψf 〉 − 〈χ¯fχf 〉
)
, (3)
Evidence for such a symmetry breaking pattern has been
observed in 3D lattice simulations [23] with gauge group
SU(3). This pattern of flavor symmetry breaking can
also be predicted for 3D QCD at large NC using the
Coleman–Witten argument [24].
The 3D symmetry breaking pattern in (2) is for quarks
in a complex representation of the gauge group, and is
expected to apply to a U(1) theory and to SU(NC) the-
ories with number of colors NC ≥ 3. For SU(2), with
fundamental quarks, the symmetry breaking pattern is
expected to be different again, due to the pseudoreality
of the fundamental representation. The pseudoreality of
the fundamental representation of SU(2) means that the
naive U(NF ) flavor symmetry is extended to USp(2NF ),
and the continuous part of this global symmetry group
is predicted to break down in 3D as [25]
USp(2NF )→ USp(NF )×USp(NF ). (4)
This is different from the generic 3D symmetry breaking
pattern in (2), and also is different from the symmetry
breaking patterns in 4D theories where the standard fla-
vor symmetry breaking patterns are
U(NF )L ×U(NF )R → SU(NF )V , for SU(NC ≥ 3)
U(2NF )→ USp(2NF ) , for SU(2) (5)
In 4D the U(NF ) flavor symmetries are first broken to
SU(NF ) symmetries by the axial anomaly, and then bro-
ken by the chiral condensate, with the net breakings as
shown in (5).
Physically, the differences between the 3D and 4D cases
reflect the differences between the anomalous discrete
symmetries of parity and chirality in 3D and 4D, respec-
tively. The differences between the gauge groups SU(2)
and SU(NC ≥ 3) are due to the properties of the rep-
resentations of these groups. From studies of 4D the-
ories, it has long been appreciated that the SU(2) the-
ory exhibits exotic types of spontaneous breakdown of
global symmetry [26]. Because the representation of the
SU(2) gauge group is either pseudoreal or real, quarks
and charge-conjugated antiquarks are combined into an
extended flavor multiplet, which is expected to break into
its extended vector subgroup. These arguments are actu-
ally sensitive only to the representation properties of the
gauge group as long as the theory confines. The difference
between SU(2) and SU(NC ≥ 3) can also be understood
in terms of Witten’s SU(2) anomaly in 4D [27] and its
3D counterpart [28].
In this paper we study the 3D SU(2) theory, with
fundamental quarks, in order to be able to include
a real baryon number chemical potential µ. We fol-
low closely the strategy and analysis of KSTVZ, where
the 4D SU(2) system with symmetry breaking pattern
U(2NF )→ USp(2NF ), as in (5), has been analyzed at fi-
nite chemical potential. Since the 3D SU(2) theory is pre-
dicted to have symmetry breaking pattern USp(2NF )→
USp(NF ) × USp(NF ), as in (4), the low-energy degrees
of freedom are completely different. Clearly, this means
that the nonlinear σ model that describes the Goldstone
bosons associated with the flavor symmetry breaking is
different from the 4D case studied in KSTVZ.
Since the key feature of the SU(2) gauge theory that
permits a real chemical potential is the existence of the
pseudoreal fundamental representation, it is clear that
these ideas apply also to any gauge theory with pseudo-
real quarks, namely USp(2NC) gauge theory with funda-
mental fermions. A complementary case with real quarks,
i.e. SO(NC) gauge theories with fundamental fermions,
and SU(NC ≥ 2) gauge theories with adjoint fermions,
was also studied at finite chemical potential in 4D in
KSTVZ, and yielded a result universal to the case with
pseudoreal quarks. In 3D the naive U(NF ) flavor sym-
metry of the theories with real fermions is extended to
O(2NF ), and the predicted flavor symmetry breaking
pattern is [29]
O(2NF )→ O(NF )×O(NF ). (6)
Since the pattern of symmetry breaking is different, it
is clear that the nonlinear σ model that describes the
Goldstone bosons associated with the flavor symmetry
breaking is different. For the generic 3D flavor breaking
in (2) the nonlinear σ model has a complex Grassman-
nian as its target space manifold, while for the pseudoreal
fermion case (4) and the real fermion case (6) the σ model
target space is a quaternionic and real Grassmannian, re-
spectively. Despite these distinctions between pseudoreal
and real fermions, and between the 3D and 4D cases, we
shall show in this paper that the vacuum condensates and
the dispersion laws of the low-lying excitations share the
same functional dependences on the chemical potential.
In section II we briefly review the symmetry breaking
pattern in 3D for gauge theories with quarks in pseudo-
real and real representations, at zero and finite chemical
potential. In section III we construct the corresponding
low energy effective Lagrangians by global and local fla-
vor symmetry arguments. In section IV we analyze the
3phase structure of the models by finding the minimum
of the effective potential, and compute the condensate
and the baryon density. In sections V and VI we expand
the potential and kinetic terms, respectively, of the effec-
tive Lagrangian to quadratic order and derive dispersion
laws for the excitations. In section VII we conclude by
providing a group theoretic account for the observed uni-
versality.
II. GLOBAL SYMMETRY
A. Enlarged flavor symmetry
The fermionic kinetic part of the two-color QCD La-
grangian with NF = 2n flavors of quarks in Euclidean
3D space is given by
Lkin = ψ¯D/ ψ + χ¯D/ χ. (7)
Here ψ = ψif , ψ
† = ψ∗if , χ = χ
i
f , χ
† = χ∗if are indepen-
dent two-component spinor fields, with the color index
i = 1, 2 and flavor index f = 1, . . . , n being suppressed.
Pauli matrices denoted as σν , with ν = 1, 2, 3, are em-
ployed to represent the Euclidean Dirac matrix algebra,
and those denoted as τα, with α = 1, 2, 3, are employed
to represent the gauge group algebra. We choose x3 to
be the Euclidean time direction and define ψ¯ = ψ†σ3,
χ¯ = χ†σ3. The Dirac operator is D/ = σνDν , and the
covariant derivative is Dν = ∂ν+iAν , and the gauge field
Aν = A
α
ν τα is Hermitian and su(2) valued.
We take the parity transformation (P) to be a reflection
in the x1 direction,
x = (x1, x2, x3) 7→ xP = (−x1, x2, x3). (8)
Its actions on the fermion fields are [3]
ψ(x) 7→ σ1ψ(xP ), ψ¯(x) 7→ −ψ¯(xP )σ1. (9)
The flavor Z2 transformation is an exchange of ψ and χ,
ψ(x)↔ χ(x), ψ¯(x)↔ χ¯(x). (10)
We require the fundamental Lagrangian to be invari-
ant under the combination of these two transformations,
which we call the (P, Z2)–symmetry. Clearly the kinetic
term is (P, Z2)–invariant.
Due to the pseudoreality of the SU(2) Dirac operator,
the Lagrangian (7) is invariant under a symmetry group
larger than the apparent U(2n). Under the gauge trans-
formation ψ → gψ, ψ¯ → ψ¯g†, g ∈ SU(2) and the Lorentz
transformation ψ → uψ, ψ¯ → ψ¯u†, u ∈ SU(2), a combi-
nation ψ˜ = σ2τ2ψ¯
T transforms as ψ˜ → gψ˜ and ψ˜ → uψ˜.
Thus one can put ψ, χ, ψ˜, and χ˜ into a single flavor
4n-plet,
Ψ =


ψ
χ
σ2τ2ψ¯
T
σ2τ2χ¯
T

 , (11)
so that
Lkin =
1
2
ΨTσ2τ2D/ IΨ, I =
[
−1 2n
1 2n
]
. (12)
As the products of the Pauli matrices σ2σν and τ2τα are
symmetric, so is the operator σ2τ2D/ . Accordingly the
matrix acting on flavor indices that appears in the above
fermion bilinear has to be antisymmetric. In this form
the extended flavor symmetry group is manifestly the
unitary symplectic group USp(4n),
Ψ→ SΨ, ST IS = I, S†S = 1 4n. (13)
The above extension of the flavor symmetry group is
analogous to the two-color QCD in 4D where the conju-
gated right-handed spinor σ2τ2ψ
∗
R transforms as the left-
handed spinor ψL does under gauge and Lorentz trans-
formations, so that the chiral SU(NF )L×SU(NF )R sym-
metry gets extended to SU(2NF ).
B. Mass term
The (P, Z2)–invariant bare mass term with degenerate
masses,
Lm = m(ψ¯ψ − χ¯χ), (14)
can be rewritten as
Lm =
m
2
ΨTσ2τ2MˆΨ, Mˆ =


−1 n
1 n
1 n
−1 n

 .
(15)
The flavor group USp(4n) is broken down to USp(2n)×
USp(2n) each acting on the (1,3)- and (2,4)-block,
Ψ→ SΨ, S =


s111 s
12
1
s112 s
12
2
s211 s
22
1
s212 s
22
2

 , s1, s2 ∈ USp(2n),
(16)
explicitly by this mass term, or spontaneously by the
quark-antiquark condensate (3) if formed. In the latter
case, the Goldstone manifold is thus given by a quater-
nionic Grassmannian USp(4n)/(USp(2n) × USp(2n)).
It has 4n2 independent degrees of freedom, twice
the three-color case 2n2 of the complex Grassman-
nian manifold U(2n)/(U(n) × U(n)). The Grassman-
nian USp(4n)/(USp(2n) × USp(2n)) can be canonically
parametrized as
Σ = SΣcS
T , Σc = Mˆ, (17)
where
S(x) = exp
(
iΠ(x)
2F
)
, Π(x) = pia(x)Xa. (18)
4The fields pia are the Goldstone modes, and the 4n
2
generators Xa span the subspace usp(4n) − (usp(2n) ⊕
usp(2n)). The construction of the Goldstone manifold
(18) corresponds to the classification of the generators
of usp(4n) with respect to a fixed antisymmetric ma-
trix Σc into Tk and Xa; The Tk generators that span
usp(2n)⊕ usp(2n) leave Σc invariant,
eiφkTkΣc(e
iφkTk)T = Σc, i.e. TkΣc = −ΣcT
T
k . (19)
The remaining generators Xa obey the relations
XaΣc = ΣcX
T
a , i.e. SΣcS
T = S2Σc. (20)
The above partition of the usp(4n) generators depends
on the matrix Σc. The defining relations (20) are left
unaltered by rotation of Σc according to
Σc → sΣcs
T , s ∈ USp(2n) (21)
accompanied by a simultaneous rotation of the generators
by
Xa → sXas
†. (22)
This means that the set of broken generators, Xa,
changes if the matrix Σc is changed. The choice of
Σc = Mˆ
† leads to the block representation of the gen-
erators Xa as
Π =
1
2


P Q
P † QT
Q∗ −P ∗
Q† −PT

 , (23)
where P and Q are n× n complex matrices, each having
2n2 degrees of freedom.
C. Chemical potential
The chemical potential that coupled to the baryon
number does not discriminate between the flavors ψ and
χ, and is given by the (P, Z2)–invariant form
Lµ = −µ(ψ
†ψ + χ†χ). (24)
Without loss of generality we take µ ≥ 0. It can be
rewritten in terms of the 4n-flavored spinor Ψ defined in
(11), as
Lµ = −
µ
2
ΨT iσ1τ2CˆΨ, Cˆ =
[
1 2n
1 2n
]
(25)
This chemical potential term explicitly breaks the ex-
tended flavor group USp(4n) down to its ’unextended’
U(2n) subgroup,
Ψ→ SΨ, S =
[
U
U∗
]
, U ∈ U(2n). (26)
In the presence of both mass and chemical potential
terms, the surviving global symmetry becomes U(n) ×
U(n),
Ψ→ SΨ, S =


u1
u2
u∗1
u∗2

 , u1, u2 ∈ U(n),
(27)
which is the intersection of USp(2n) × USp(2n) and
U(2n).
D. Diquark source
Due to the pseudoreality of the SU(2) gauge group,
τ2gτ2 = g
∗, one can write down a gauge invariant bilinear
of two quarks or two antiquarks. The source term for the
(P, Z2)–invariant diquark condensate
Lj = j(ψ
Tσ2τ2χ+ ψ¯σ2τ2χ¯
T ). (28)
can thus be included (terms like ψTσ2τ2ψ vanishes by
anticommutativity). It can be rewritten in terms of the
4n-flavored spinor,
Lj =
j
2
ΨTσ2τ2JˆΨ, Jˆ =


1 n
−1 n
1 n
−1 n

 . (29)
This diquark source term and the mass term (15) belongs
to the same multiplet under the USp(4n) group, i.e. there
exists a generator X2 of USp(4n) that rotates Mˆ into Jˆ ,
Jˆ = ei
pi
4
X2Mˆ(ei
pi
4
X2)T , X2 = i


1 n
1 n
−1 n
−1 n

 .
(30)
Namely the sum of mass and diquark source terms can
be comprehensively written as
Lm + Lj =
1
2
ΨTσ2τ2(mMˆ + jJˆ)Ψ
≡
m secφ
2
ΨTσ2τ2MˆφΨ, (31)
where we have defined the mixing angle φ by tanφ = j/m
and the rotated mass matrix Mˆφ = Mˆ cosφ+ Jˆ sinφ. In
constructing the effective theory in the following section,
we shall set j = 0. The effective Lagrangian can be trans-
lated to the case of nonvanishing j by merely replacing
Mˆ → Mˆφ and m→ m secφ.
5III. LOW-ENERGY EFFECTIVE LAGRANGIAN
A. Global flavor symmetry
We consider the effective theory resulting from the mi-
croscopic Lagrangian
L = −
1
2g2
trFµνFµν +
1
2
ΨTσ2τ2D/ IΨ
+
m
2
ΨTσ2τ2MˆΨ−
µ
2
ΨT iσ1τ2CˆΨ, (32)
which is valid in the low energy (≪ ΛQCD) regime where
fundamental particles are confined and Goldstone bosons
dominate. The kinetic term of the effective Lagrangian
describing the Goldstone modes Σ, parametrized as in
(17) and (18), should be invariant under the action of
the global USp(4n) group
Σ(x)→ sΣ(x)sT , s ∈ USp(4n) (33)
with s in the antisymmetric tensor representation. it
should also be Lorentz invariant, and contain two deriva-
tives. These requirements uniquely determine its form to
be
Lkin =
F 2
2
tr ∂νΣ∂νΣ
†, (34)
up to a phenomenological “decay constant” F . This
choice corresponds to normalizing the kinetic term
as defined in (18), (23) to be the standard form
(1/2) tr ∂νΠ∂νΠ
†. The uniqueness is a consequence of
the pseudo-reality of the field Σ,
Σ† = IΣI (35)
which follows from Σ being symplectic, unitary and anti-
symmetric. One can systematically generate Skyrme-like
higher derivative terms in the effective Lagrangian, but
we do not pursue this issue in this paper as it is not
necessary for our applications.
To identify the mass and chemical potential terms in
the effective theory, one uses the well-established strat-
egy of Gasser and Leutwyler [12]. As the microscopic
Lagrangian (32) can be made invariant under the global
USp(4n) transformation
Ψ(x)→ sΨ(x) (36)
by promoting the symmetry-breaking coupling constant
matrices mMˆ and µCˆ to field variables that take these
constant condensates in the vacuum and assigning the
global transformation properties
Mˆ(x)→ s∗Mˆ(x)s†, Cˆ(x)→ s∗Cˆ(x)s†, (37)
so should the low-energy effective Lagrangian be simi-
larly invariant. The collection of local terms allowed by
its invariance will then be reduced to the effective La-
grangian for Σ(x) after the replacements Mˆ(x)→ Mˆ and
Cˆ(x) → Cˆ. To the lowest order in these couplings, the
requirement of invariance determines the effective mass
term to be
Lm = −Gm tr (MˆΣ), (38)
and the effective chemical potential term to be
Lµ = −Hµ
2 tr (CˆΣCˆΣ), (39)
The first order term tr (CˆΣ) trivially vanishes by sym-
metry. Other invariant combinations that appear seem-
ingly different, such as tr (Mˆ †Σ†), or tr (Cˆ†Σ†Cˆ†Σ†),
tr (ICˆ†Σ†ICˆΣ) and tr (CˆIΣ†Cˆ†IΣ), are equal to
tr (MˆΣ) or tr (CˆΣCˆΣ), respectively, upon substitution
of the vacuum condensates Mˆ(x) → Mˆ and Cˆ(x) → Cˆ
and after some algebra using (35). Namely (38) and (39)
are already real.
The coefficients G and H in (38) and (39) are phe-
nomenological constants. Due to the relationship
〈
ψ¯ψ − χ¯χ
〉
= −
1
V
∂
∂m
Z(m,µ), (40)
and the vacuum alignment of the field Σ(x)→ Σc = Mˆ
†
for m ց 0, µ → 0, [which will be shown below – see
eq.(61)], the constant G is equal to the quark-antiquark
condensate at m,µ→ 0,
G =
1
4n
lim
mց0
〈
ψ¯ψ − χ¯χ
〉∣∣
µ=0
. (41)
B. Local flavor symmetry
Unlike the quark-antiquark condensate G, the phe-
nomenological parameter H is not independent of the
decay constant F , but is related to it by virtue of the
local flavor symmetry [16]. To lift the global USp(4n)
symmetry to a local one, we combine Lkin and Lµ into a
covariant derivative form acting on the extended quark
multiplet Ψ,
Lkin + Lµ =
1
2
ΨTσ2τ2σνI(Dν − µBν)Ψ,
Bν = Bˆδν,3, Bˆ = CˆI =
[
1 2n
−1 2n
]
.(42)
This Lagrangian is invariant under the local USp(4n)
symmetry
Ψ(x)→ s(x)Ψ(x), s(x) ∈ USp(4n), (43)
when Bν is promoted to a local field and is assigned the
inhomogeneous transformation property of a flavor gauge
field,
Bν(x)→ s(x)Bν (x)s(x)
† +
1
µ
(∂νs(x)) s(x)
†, (44)
6rather than the homogeneous global transformation (37).
This local symmetry should also be respected by the ef-
fective Lagrangian, whose field variable transforms as
Σ(x)→ s(x)Σ(x)s(x)T . (45)
To cancel the extra two terms that appear in the trans-
formation of the derivative of the field,
∂νΣ→ s(∂νΣ)s
T + (∂νs)Σs
T + sΣ(∂νs
T ), (46)
one introduces flavor-covariant derivatives for the fields
in the antisymmetric tensor representations
∇νΣ = ∂νΣ− µ(ΣB
†
ν +B
†
νΣ)
∇νΣ
† = ∂νΣ
† + µ(Σ†Bν +BνΣ
†). (47)
They transform covariantly
∇νΣ→ s(∇νΣ)s
T , ∇νΣ
† → s∗(∇νΣ
†)s†, (48)
due to the gauge transformation property (44), while pre-
serving the antisymmetry. Accordingly, the total effec-
tive Lagrangian reads
L = Lkin + Lµ + Lm (49)
=
F 2
2
tr∇νΣ∇νΣ
† −Gm tr (MˆΣ)
=
F 2
2
tr ∂νΣ∂νΣ
† + F 2µ tr
(
(Σ†Bˆ + BˆΣ†)∂3Σ
)
− F 2µ2
(
tr (BˆΣBˆΣ†) + 4n
)
− F 2m2pi tr (MˆΣ)
after partial integration on the linear derivative term.
We observe that just as in [16], the parameter H is not
independent, but equal to F 2 . In the last line of (49), we
again used the pseudoreality of Σ (35), and also replaced
G by the mass of the pseudo-Goldstone bosons pia(x) in
(18) by the Gell-Mann–Oakes–Renner relation
m2pi =
Gm
F 2
(50)
that results by expanding the fluctuation of the field Σ(x)
to second order (see the next section).
IV. VACUUM ALIGNMENT AND
CONDENSATES
The static part of the effective Lagrangian (49), i.e.
the effective potential, determines the vacuum alignment
of the field Σ. As in [16], we introduce a dimensionless
phenomenological parameter ξ = 2µ/mpi to represent the
chemical potential, and write
Lst(Σ) = F
2m2pi
(
− tr (MˆΣ)−
ξ2
4
tr (BˆΣBˆΣ†)− nξ2
)
.
(51)
The above two terms compete for the direction of the
condensate which we denote by Σ¯.
To determine the vacuum condensate, we write Σ in a
block form (with each sub-block being 2n× 2n = NF ×
NF ):
Σ =
[
Σ11 Σ12
−ΣT12 Σ22
]
. (52)
These component matrices also satisfy unitarity con-
straints
Σ11Σ
†
11 +Σ12Σ
†
12 = 1 2n,
ΣT12Σ
∗
12 +Σ22Σ
†
22 = 1 2n,
Σ11Σ
∗
12 = Σ12Σ
†
22, (53)
as well as constraints arising from the fact that Σ is sym-
plectic and antisymmetric. Using solely the unitarity
constraints and the reality of tr MˆΣ, one can express
Lst entirely in terms of Σ12,
Lst(Σ) = F
2m2pi
[
ξ2 trΣ12Σ
†
12 − tr ΓΣ12
− tr (ΓΣ12)
† − 2nξ2
]
=F 2m2pi
[
ξ2 tr (Σ12Γ− ξ
−21 2n)(Σ12Γ− ξ
−21 2n)
†
−2n(ξ2 + ξ−2)
]
, (54)
where
Γ =
[
1 n
−1 n
]
. (55)
If we ignore the constraints on Σ12 for a moment, the
trace in (54) can be viewed from the distance between
two points Σ12 and ξ
−21 2n in the 2n
2-dimensional vec-
tor space of real and imaginary parts of the matrix ele-
ments. For ξ > 1 the absolute minimum is achieved when
Σ12 = ξ
−2Γ. The unitary, symplectic, and antisymmetry
constraints on Σ then determine the other sub-block ma-
trices to be, up to the U(n) residual degree of freedom
u ∈ U(n),
Σ11 =
√
1− ξ−4
[
u
−uT
]
,
Σ22 =
√
1− ξ−4
[
u∗
−u†
]
. (56)
When ξ < 1, the unitarity constraints (53) demand
that
tr (Σ12Γ)(Σ12Γ)
† ≤ 2n, (57)
and the point ξ−21 2n lies outside of this region. The
point closest to ξ−21 2n within this 2n
2-dimensional ball
is clearly at Σ12Γ = 1 2n. Then the unitarity constraints
(53) can be satisfied only by Σ11 = Σ22 = 0. To sum-
marize, the condensate that gives the global minimum of
7the static effective Lagrangian is
Σ¯ = Mˆ † cosα+


u
−uT
u∗
−u†

 sinα, (58)
where u ∈ U(n), and we have defined
cosα = min(1, ξ−2). (59)
Note that the first term of the condensate (58) does not
carry baryon number, while the second term does.
The condensate is a non-analytic function of ξ =
2µ/m. In the regime ξ > 1, the vacuum condensate
has the U(n) degeneracy corresponding to n2 true Gold-
stone modes. This change of massless modes indicates a
second-order phase transition at ξ = 1. The static effec-
tive Lagrangian is
Lst(Σ¯) = −4nF
2m2pi ×
{
1 (ξ < 1)
(ξ2 + ξ−2)/2 (ξ > 1)
=
{
−4nGm (µ < mpi/2)
−n
(
8F 2µ2 + G
2m2
2F 2µ2
)
(µ > mpi/2)
(60)
The second ξ-derivative of the Lst is indeed discontinuous
at ξ = 1.
The quark-antiquark condensate
〈
ψ¯ψ − χ¯χ
〉
and the
baryon density
〈
ψ†ψ + χ†χ
〉
directly follow from (60).
Upon differentiation with respect to m and µ, respec-
tively, we find
〈
ψ¯ψ − χ¯χ
〉
=
{
4nG (ξ < 1)
4nGξ−2 (ξ > 1)
, (61)
〈
ψ†ψ + χ†χ
〉
=
{
0 (ξ < 1)
16nF 2µ(1− ξ−4) (ξ > 1)
.(62)
These condensates are identical (with the replacement
2n → Nf) to the corresponding condensates in the 4D
SU(2) case, with fundamental quarks, studied in [17] –
see Table 3 in [17]. This follows from the fact that the
vacuum energy has the same functional form in the 3D
and 4D cases. This is nontrivial from the microscopic
point of view since the symmetries involved are com-
pletely different. Rather, this universality arises from the
mean field treatment of the low-energy effective theory,
as we discuss further in the conclusions.
V. CURVATURE AT THE MINIMUM
In this section we expand the static effective La-
grangian around the vacuum condensate (58) to second
order. In the diquark condensation phase ξ > 1, we ar-
bitrarily fix the U(n) degeneracy by u = 1 n,
Σ¯α = Mˆ
† cosα+ Jˆ sinα, (63)
with α given by (59). At small chemical potential in the
range 0 ≤ ξ < 1 (α = 0) this condensate aligns to Mˆ †,
which is preserved by the USp(2n)× USp(2n) subgroup
acting on the (1,3) and (2,4) blocks : Σ → SΣST , with
S given by (16). Namely for 0 < ξ < 1 the mass term
explicitly breaks this symmetry down to U(n) × U(n)
given by (27), also acting on the (1,3) and (2,4) blocks.
On the other hand, in the massless limit ξ = ∞ this
condensate aligns to Jˆ , and the residual global symmetry
becomes the USp(2n) subgroup,
Σ→
[
s
s∗
]
Σ
[
sT
s†
]
, s ∈ USp(2n), (64)
of the flavor USp(4n) group. In the intermediate region
1 < ξ < ∞ the residual symmetry is the U(n) subgroup
given by (27) with u2 = u
∗
1. All excitations will be clas-
sified according to the representations of these residual
symmetry groups.
A. Normal phase
When ξ < 1 the vacuum orientation of the condensate
does not depend on ξ and is given by Σ¯ = Mˆ †. Expand-
ing Σ around Mˆ † using the Goldstone field defined in
(18) according to
Σ = SMˆ †ST = S2Mˆ † =
(
1 +
iΠ
F
−
Π2
2F 2
+ · · ·
)
Mˆ †,
(65)
we find
Lst(Σ) = Lst(Σ¯0) +
m2pi
2
[
trΠ2 +
ξ2
4
tr [Bˆ,Π]2
]
+ · · · ,
(66)
where the ellipsis denotes terms of higher order in Π.
Substituting the parametrization (23), we obtain
Lst(Σ) = Lst(Σ¯0) (67)
+
m2pi
2
[
trPP † + (1− ξ2) trQQ†
]
+ · · · ,
Lst(Σ¯0) = −4nF
2m2pi. (68)
This confirms that the configuration (63) is indeed a min-
imum. We also see that there are no true Goldstone
modes for ξ < 1. At ξ = 1 the curvature of the diquark
modes Q vanish, which signals a second order phase tran-
sition and the diquark condensation.
Below we list the representations of the residual sym-
metry group U(n) × U(n) to which the fields belong by
listing the representations’ Young tableaux,
P :
(
, ∗
)
P † :
(
∗ ,
)
Q :
(
,
)
Q† :
(
∗ , ∗
)
, (69)
8where and ∗ stand for fundamental and conjugated
fundamental representations, respectively. The dimen-
sions of these representations are all equal to n2. At van-
ishing chemical potential, ξ = 0, these four fields combine
to become a 4n2–dimensional multiplet
(
,
)
of
USp(2n)×USp(2n).
B. Diquark condensation phase
When ξ > 1 the configuration (63) begins to rotate ac-
cording to cosα = ξ−2. This rotation can also be written
as
Σ¯α = sαMˆ
†sTα = s
2
αMˆ
†, sα = e
iα
2
X2 , (70)
where X2 is the generator, defined in (30), that rotates
Mˆ into Jˆ . We could parametrize the fluctuation around
the vacuum Σ¯α as
Σ = SαΣ¯αS
T
α = SαsαMˆ
†sTαS
T
α , (71)
where Sα are symplectic matrices generated by rotated
generator sαXas
†
α, instead of Xa. However, we employ
an alternative parametrization of the fluctuation,
Σ = sαSMˆ
†ST sTα , (72)
where S are generated by unrotated generators Xa, in
order for the meson mass matrix to be diagonal sub-
sequently. We substitute this parametrization into the
static effective Lagrangian (51) and obtain
Lst(Σ) = F
2m2pi
[
− tr (Mˆ †sTαMˆsαS
2) (73)
−
ξ2
4
tr (Mˆ †sTαBˆs
∗
αMˆ(S
†)2s†αBˆsαS
2)− nξ2
]
.
Substituting the parametrizations (18) and (23) into
(73), and expanding to second order in P and Q, we
find
Lst(Σ) = Lst(Σ¯α) +
m2pi
2
[
ξ2 trPSP
†
S + ξ
−2 trPAP
†
A
+ (ξ2 − ξ−2) trQ2I
]
+ · · · . (74)
Lst(Σ¯α) = −2n(ξ
2 + ξ−2)F 2m2pi. (75)
Here we have defined PS , PA, QR, QI as
PS =
P + PT
2
= PTS : , ∗ ∗
PA =
P − PT
2
= −PTA : ,
∗
∗
QR =
Q+Q†
2
= Q†R : ∗
QI =
Q−Q†
2i
= Q†I . : ∗ (76)
These projections are orthogonal, trPSPA =
ℑm trQRQI = 0. The representations of the resid-
ual symmetry group U(n) to which the fields belong
are denoted by the Young tableaux. The dimensions
of these representations are n2 + n, n2 − n, n2 and n2,
respectively.
From (74) we can read off the curvatures of the differ-
ent multiplets of the pseudo-Goldstone modes, and again
confirm the local minimality of the configuration (63).
We see that there are n2 true flat directions, QR, which
describe massless Goldstone modes. By contrasting this
fact with the solution (58) at ξ → ∞, the true Gold-
stone fields are identified with the U(n) phases of the
diquark condensate. As we shall see in the next section,
two modes QR and QI that belong to the same repre-
sentation are mixed by the linear derivative terms in the
effective Lagrangian, and thus the actual true Goldstone
excitations are certain linear combinations of QR and QI .
VI. MASS SPECTRUM
In order to determine the spectrum of low-lying exci-
tations we must take into account the derivative terms in
the effective Lagrangian (49). The dispersion laws of the
system at finite chemical potential do not take the simple
Lorenz invariant form E2 = p2 +M2. We shall evaluate
the pole mass (rest energy) that is the value E = ip3 of
the pole of the propagator at p = 0.
A. Normal phase
Expanding the derivative terms in the effective La-
grangian (49) in the same way as we expanded the po-
tential part in the previous section, we obtain
L = Lst(Σ¯α) +
1
2
tr ∂νP
†∂νP +
m2pi
2
trP †P
+
1
2
tr ∂νQ
†∂νQ− 2µ trQ
†∂3Q+
(m2pi
2
− 2µ2
)
trQ†Q
+ · · · . (77)
After using the Fourier decomposition of Π,
Π(x) =
∑
p
Πp e
−ipx, p = (p,−iE) (78)
the equations of motion for P, P †, Q,Q† that follow from
(77) lead to the dispersion law
(E + bµ)2 = p2 +m2pi. (79)
Here b is the baryon charge of the corresponding excita-
tion, assigned as : b = 0 for P and P †; b = 2 for Q; and
b = −2 for Q†. Accordingly, the pole masses for these
excitations are
mpi for P and P
†
mpi − 2µ for Q
mpi + 2µ for Q
† (80)
9B. Diquark condensation phase
In this phase the ground state changes and we need to
expand around the rotated value of the condensate Σ¯α,
as in (72). To second order in the fluctuation Π we obtain
L = Lst(Σ¯0) +
1
2
tr ∂νP
†
S∂νPS +
1
2
tr ∂νP
†
A∂νPA
+
1
2
tr (∂νQR)
2 +
1
2
tr (∂νQI)
2
+ 2iµξ−2 tr (Q†R∂3QI −Q
†
I∂3QR)
+
m2pi
2
[
ξ2 trPSP
†
S + ξ
−2 trPAP
†
A + (ξ
2 − ξ−2) trQ2I
]
+ · · · . (81)
The linear derivative term contains only the Q fields,
which have a nonzero baryon charge, and the dispersion
law for the P fields remain Lorentz invariant in form:
PS : E
2 = p2 +m2piξ
2,
PA : E
2 = p2 +m2piξ
−2. (82)
On the other hand, the dispersion laws for the Q fields
are determined by the secular equation obtained by sub-
stitution of the Fourier decomposition of QR and QI ,
det
[
[E2 − p2] 4iE µξ−2
−4iE µξ−2 [E2 − p2 −m2pi(ξ
2 − ξ−2)]
]
= 0.
(83)
We see that QR and QI are mixed by the linear derivative
term unless cosα = 0, i.e. in the massless limit. Due to
the form of (83), for any α there is a solution for which
E(p = 0) = 0, and the true Goldstone mode is denoted
by Q˜. In the massless limit it is entirely QR. The other
massive solution of the secular equation, which is a linear
combination of QR and QI orthogonal to Q˜, is denoted
by Q˜†. The dispersion laws for these fields are given by
Q˜ : E2 = p2 + 2µ2(1 + 3ξ−4)
− 2µ
√
µ2(1 + 3ξ−4)2 + 4p2ξ−2,
Q˜† : E2 = p2 + 2µ2(1 + 3ξ−4)
+ 2µ
√
µ2(1 + 3ξ−4)2 + 4p2ξ−2. (84)
The pole masses of these four excitations, i.e. E(p = 0),
are then given by
2µ for PS
m2pi
2µ
for PA
0 for Q˜
2µ
√
1 + 3
(
mpi
2µ
)4
for Q˜† (85)
These dispersion laws and pole masses are identical to
their 4D counterparts: see Eq.(86) of KSTVZ. This is
a remarkable manifestation of the universality of the
low-energy effective theories governing quasi-Goldstone
bosons.
We finally note that in the massless limit PS and
Q˜† = QI combine to become a (2n
2 + n)–dimensional
multiplet of USp(2n), and PA and Q˜ = QR com-
bine to become a (2n2 − n)–dimensional multiplet of
USp(2n).
VII. CONCLUSION
In this paper we have used the effective field theory
method at finite baryon density to investigate the phase
structure and the excitation spectrum of the three di-
mensional parity invariant SU(2) QCD with fundamen-
tal quarks. Since the quarks are in a pseudoreal repre-
sentation we can introduce a real chemical potential for
baryon number, as was done for 4D in [16, 17]. Our main
result is that even though the symmetry breaking groups
are different in 3D and 4D, the final phase structure,
condensates and dispersion relations are the same in 3D
and 4D. Furthermore, it is straightforward to generalize
this to the case with adjoint fermions (and any SU(NC)
gauge group); at the level of fundamental Lagrangian one
merely needs to ignore the color τ2 matrices altogether.
This leads to replacing the USp groups that appear in the
global symmetry arguments by the O groups of the same
dimension due to the change of the constant matrices,
I = −
[
1 2n
1 2n
]
, Mˆ =


−1 n
1 n
−1 n
1 n

 ,
Cˆ =
[
1 2n
−1 2n
]
, Jˆ =


1 n
1 n
−1 n
−1 n

 (86)
(the matrix Bˆ = CˆI is left unchanged from (42) except
for an irrelevant flip of the sign), and accordingly to inter-
changing the symmetric and antisymmetric properties of
the field Σ(x) and the representations of various excita-
tions. Thus we have shown that the low-energy behavior
of (pseudo-)real gauge theories at finite baryon density is
universal beyond the dimensionality of spacetime and the
representation of the quarks. The individuality of each
case resides solely in the number of modes belonging to
a multiplet with common mass.
To compute the diquark condensate〈
ψTσ2τ2χ− ψ
†σ2τ2χ
∗
〉
, one should include its source
term in the effective Lagrangian by replacing the matrix
Mˆ by Mˆφ and m by m secφ, as mentioned at the
end of sect.II D. This modification of the mass term
smears the abrupt change of the chemical potential
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dependence of the vacuum condensate at ξ = 1, and
turns the second-order phase transition into a crossover,
just as in the 4D case [17]. This is a straightforward
exercise and we do not record the details here. The final
results for the chemical potential dependences of the
quark-antiquark condensate, diquark condensate, and
baryon density as well as the dispersion laws for the
excitations are identical to the 4D case.
The universality becomes most transparent by express-
ing the whole argument in terms of the generic symmetric
spaces [30] that arise when a global symmetry group is
broken. Let G be a compact Lie group and G its Lie
algebra G = expG. For G to be identified as a global
symmetry of a gauge theory with (pseudo-)real quarks,
its dimension is set to be even. An involutive automor-
phism σ of G is defined as
σ : G → G, X 7→ σ(X), σ2 = 1. (87)
An involution σ naturally introduces a decomposition
(known as the Cartan decomposition) of G with respect
to σ. This decomposition splits G into a subalgebra
with eigenvalue +1, and a subspace orthogonal to it with
eigenvalue −1,
G = K ⊕ P , σ(X) = ±X if X ∈
{
K
P
. (88)
Below we will identify certain choices for this involution
with mass and chemical potential terms.
Denote by K the Lie subgroup generated by K, K =
expK. The Riemannian symmetric space G/K is isomor-
phic to the exponential map of P , G/K ≃ expP through
the Cartan mapping C,
C(g) = g σ(g)−1. (89)
Now we choose an involution of the form
σ(g) = Mˆ−1g∗Mˆ, Mˆ∗Mˆ = ±1, Mˆ †Mˆ = 1, (90)
which introduces a Cartan decomposition G = K ⊕ P ,
and specifies the unbroken vector subgroup K, deter-
mined by the dynamics. This involution will be asso-
ciated with the mass term. The low energy effective the-
ory for the Goldstone modes is a nonlinear σ model on
G/K; that is, it is a field theory whose field variable
is parametrized by C(g) for g ∈ G. The potential of the
nonlinear sigma model should also be invariant under the
left action of K on G, g 7→ kg, which acts adjointly on
C(g) by C(g) 7→ kC(g)k−1. Such an invariant quantity is
spanned by { tr C(g)ν}ν∈Z. We define the mass term in
the effective field theory to be the combination that is
real and of lowest order, i.e. ℜe tr C(g).
Next we fix another involution of the form
σ˜(g) = Bˆ−1gBˆ, Bˆ2 = 1. (91)
which introduces another Cartan decomposition G =
K˜⊕ P˜, with associated Cartan mapping C˜(g) = gσ˜(g)−1.
For this involution σ˜ to be identified with the baryon
charge, we take Bˆ = diag(1, . . . , 1,−1, . . . ,−1). The cor-
responding symmetry breaking term in the effective La-
grangian must be expressed in terms of the field vari-
able C(g), and must be invariant only under the left
action of K ∩ K˜ on G. These terms are spanned by
{ tr C˜(C(g)ν)λ}ν,λ∈Z. We define the chemical potential
term to be the combination that is real and of lowest
nontrivial order, i.e. tr C˜(C(g)).
Thus, the static part of the effective Lagrangian is
Lst = −ℜe tr C(g) +
ξ2
4
tr C˜(C(g)) (92)
In order to find the extremum of Lst, we decompose C(g)
into four blocks according to those of Bˆ,
C(g) =
[
C11 C12
C21 C22
]
. (93)
Using the unitarity constraints on Cij , Lst now reads
Lst =
ξ2
2
tr
(
C11 − ξ
−2
) (
C11 − ξ
−2
)†
+
ξ2
2
tr
(
C22 − ξ
−2
) (
C22 − ξ
−2
)†
+ const. (94)
This factorized form covers the various 4D cases treated
in KSTVZ [17], as well as the 3D cases considered in this
paper. The important point for the universality of the
form of this static effective Lagrangian is that one does
not need to specify whether the original global symme-
try group is SU(2NF ) or USp(2NF ) or O(2NF ). The
two-phase structure is manifest from this form of Lst, as
shown in [17] and in section IV of this paper.
The universality of the mass spectrum can be under-
stood similarly : the kinetic term of the nonlinear σ
model is naturally derived from the metric on G/K that
is induced from the Killing form on G. We can choose
a G-valued connection Bµ on the G-bundle over the
spacetime manifold and construct an associated Laplace–
Beltrami operator ∇2. This procedure leads directly to
the universality of the excitation masses.
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